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Abstract

Efforts are made to classify the modes of deformation of unconstrained capped end frusta when crushed
axially between two parallel plates. Tens of aluminum spun capped end frusta of different semi-apex angles
(15-60°) and thicknesses (1-3 mm) are crushed at quasi-static loading conditions using a universal instron
machine. The resulting modes of deformation can be classified into: (1) outward inversion, (2) limited inward
inversion followed by outward inversion, (3) full inward inversion followed by outward inversion, (4) limited
extensible crumpling followed by outward inversion, and (5) full extensible crumpling. Samples of frusta made
of low carbon steel sheets and nylon plastic were tested statically and gave similar results. An explicit version
of ABAQUS 5.8 finite element (FE) program is used to model the crushing modes. Good agreement is obtained
between the FE predictions and the experimental work. © 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Energy absorbers are systems that convert kinetic energy into other forms of energy, such as
plastic deformation energy in deformable solids. The process of conversion in plastic deformation
depends on the magnitude and the method of application of loads, transmission rates, deformation
displacement patterns and material properties such as ductility and toughness.

The predominant domain of applications of collapsible energy absorbers is that of crash protection.
Such systems are installed in high-risk environments with potential injury to humans or damage to
property. The active absorbing element of an energy absorption system can assume several common
shapes such as circular tubes [4], square tubes [5,6] and frusta [1-3].

Axisymmetrical and circular shapes provide perhaps the widest range of all choices for use as
absorbing elements because of their favorable plastic behavior under axial forces, as well as their
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Nomenclature

small diameter of the frustum, m
large diameter of the frustum, m
mean diameter of the frustum, m
specific energy, J/g

absorbed energy during crushing, Joule
Overall height of the frustum, m
average crushing force, N

wall thickness of the frusta, m
displacement, m

Yield strength, N/m?

semi-apical angle, deg
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common occurrence as structural elements. Axial crushing of frusta as impact absorbers has been
investigated for decades [1-3]. In this paper, the selected absorber has a truncated capped frustum
shape that is employed over a wide range of applications.

2. Axial crushing of thin frusta

Frusta (truncated circular cones) have a wide range of applications. The occurrence of frusta as
structural members has drawn some attention, especially due to their stable plastic behavior when
crushed axially. The literature on this topic, however, is generally meagre [2].

One of the early studies of frustum (truncated circular cone) was carried out by Postlethwaite
and Mills [1]. In their study of axial crushing of conical shells they used Alexander’s extensible
collapse analysis [4] for rigid-perfectly material cones. They reported the mean crushing force (P,,)
for external collapse as

Pa = 6Y2\/d + 2x sin(¢p) + 5.69Y tan(¢) (1)

where Y is the yield strength, ¢ is the frustum wall thickness, x is the deformation along the axis of
the frustum, d is the small diameter of the frustum and ¢ is the semi-apical angle of the frustum.

Mamalis and Johnson [2] experimentally investigated the quasi-static crumpling of aluminum tubes
and frusta under quasi-static compression. Their main objective was, among other things, to determine
the experimental details of the failure modes of frusta with the small semi-apical angles of ¢ = 5°
and 10°. It was observed that load—deflection curves of the frusta are more regular than those of
cylinders. Also, post-buckling load increases in a parabolic manner with increase in wall thickness,
and, as expected, post-buckling load decreases with increase in semi-apical angle. It was observed
that thin frusta deformed into an extensible collapse diamond shape whereas thick ones deformed
into axisymmetric rings. The authors fitted empirical equations to their results for both concertina
and diamond modes of deformation.

Mamalis et al. [7] repeated the same experimental study using low-carbon steel at the compression
rate of 2.5 m/min. It was observed that the initial axisymmetric bellows changes into non-symmetric
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diamond shapes and the number of lobes of the diamond shape increases as the ratio of the mean
diameter/thickness increases.

Mamalis et al. [8] proposed an extensible theoretical model to predict the plastically dissipated
energy and the mean post-buckling load for axially crumpled thin walled circular cones and frusta
for the concertina mode of deformation. The theoretical model was based on a consideration of
the plastic work dissipated in plastic hinges and in stretching of material between them without
considering their interaction. The model gave the average crushing load in the form,

Py = 6Yt2(Vd + 0.95v/1 tan(¢)) (2)

The predicted average crushing loads were in fair agreement with the experimental results.

Mamalis et al. [9] developed a theoretical model to predict the mean crushing load for axially
loaded circular cones and frusta deformed into the diamond mode of deformation. The model was
based on the inextensional model developed by Johnson et al. [10].

Mamalis et al. [11] improved the analytical model for the concertina mode of deformation by
making it capable of predicting the deformation history of thin-wall tubes and frusta. They obtained
long and tedious equations for internally and externally formed convolutions, which were in fair
agreement with the experimental curves.

Mamalis et al. [12] studied the axial crushing of thin PVC frusta of square cross-sections. A
theoretical model for prediction of the average crushing force was developed on the basis of an
inextensional folding mechanism of the diamond mode of deformation. Good correlation between
the experimental and analytical results was shown.

Mamalis et al. investigated the axial collapse of composite tubes [13] and frusta of square [14]
and circular [15] sections and developed an analytical model of the crushing stages based on actual
experimental observation.

Alghamdi [16] introduced two innovative modes of deformations for frusta. The first one is direct
inversion [17] and the other one is outward flattening. Using the ABAQUS finite element program,
Aljawi and Alghamdi [18] modeled the collapse of frusta when inverted. Good agreement was
obtained between experimental results and theoretical predictions. Aljawi and Alghamdi [19] further
investigated the details of the inversion of frusta when crushed axially. Alghamdi et al. [20] presented
the details of crushing of spun aluminum frusta between two parallel plates. They reported that their
predictions using ABAQUS were in good agreement with experimental results.

Most of the above studies, except Alghamdi et al. [20], deal with axial crushing (or crumbling)
of frusta with small semi-apical angle (15° maximum) between two parallel plates. However, the
present paper investigates the quasi-static crushing of frusta with large range of semi-apical angles
(15-60°) and different thicknesses and materials and classifies the deformation modes. Also, this
paper summarizes the work that has been done in relation to axial crushing of frusta in Refs.
[16,18,20] and the present is in a complete and final shape.

3. Finite element modeling

In the present study, ABAQUS Explicit FE code (version 5.8) [21] is employed to investigate the
axial deformation modes of frusta under quasi-static loading. An axisymmetric four-noded element,
CAX4R, is used for modeling the frustum shown in Fig. 1. About 300 elements are used for the
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Fig. 1. FE model for outward inversion of frusta.

model. Material properties of the model were taken as rigid perfectly plastic with yield strength
Y =125 MPa, mass density, p = 2710 Kg/m?, Poisson’s ratio, v = 0.33, and Modulus of Elasticity,
E =70.0 GPa. All nodes at the centerline of symmetry were selected to move only in the vertical
direction.

Both upper and lower surfaces were set in contact with rigid-body surfaces. These rigid surfaces
were modeled using two nodal axisymmetric rigid elements, RAX2. A coefficient of friction of
#=0.15 was incorporated between the contact surfaces. A reference node was introduced at the top
end surface of the model. This node was set to move at a velocity of 0.17 mm/s representing the
quasi-static case.

The upper small capped-end of the frustum was in contact with a rigid body moving at a constant
velocity. The lower end was restrained from moving in the vertical direction as shown in Fig. 1.
The axisymmetric elements were chosen to model the axisymmetric collapse of the frusta, and most
of the experimentally observed deformation modes were of this type especially at large semi-apical
angles and/or large thicknesses.

4. Results and discussions

A large number of frusta, featuring different thicknesses and semi-apex angles were subjected to
various loading conditions. Specimens were mainly made from blanks of commercial aluminum; and
a few were made of sheet steel and plastic. Frusta, for the experimental program, were produced
manually by spinning aluminum sheet of 1.0, 1.5, 2.0, 2.5, and 3.0 mm nominal thickness. Different
mandrels, featuring angles («) of 30°, 40°, 45°, 50°, 55°, 60°, 65°, 70°, and 75° were manufactured
for the spinning process. The study involved the use of more than 50 different sizes of frusta made
of sheet aluminum, sheet steel and nylon in crushing tests. Tests were conducted by the use of a
10 ton instron universal testing machine (UTM).

Table 1 gives the details of the crushing tests. The table lists experiment number, specimen
number, semi-apical angle (¢) in degrees, large diameter of the frusta (D) in mm, small diameter
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Table 2
Mechanisms of deformation
Mode
1 Lower end flattening Upward inversion of the Lower inverted end Second inversion of the
ﬂ lower end reaches the upper plate lower end downward
11 Partial inversion of the Lower end flattening Upward inversion of the | Lower inverted end reaches | Downward inversion
upper end lower end the upper plate of the lower end
11 Full inversion of the upper Lower end flattening and Lower inverted end Lower inverted end reaches
end upward inversion of the reaches the upper plate the lower plate after the
low er end second inversion
1% Formation of the first First lobe developed Lower end flattening Upward inversion of the
extensible lobe /V_—V\ lower end
v Formation of the first First lobe developed Formation of the first Second lobe developed
cxtcnsible?—l/\ extensible lobe

of the frusta (d) in mm, mean diameter (D, =(D+d)/2) in mm, overall height of the frustum (H)
in mm, thickness (¢) in mm, Dp/t ratio, mass (m) in grams, experimental average crushing force
(Pay) in Newton (N), absorbed energy (E) in Joule (J), specific energy (e) in J/g, the deformation
mode and remarks if any. The average force is calculated over the whole range of the displacement
and the elastic contribution is ignored as a common practice in metallic energy absorbers [8]. In
these tests load is applied at the constant crushing speed of 10 mm/min and the specimen is crushed
axially until the deformation mode is changed into direct compression of a circular disk.
It was noticed that deformation modes could be classified into:

(a) Mode I Flattening the lower end of the frusta and then curling up or upward inversion of the
lower end. The inverted lower end will continue moving up untill it touches the upper plate and
re-inverted downward. The frustum continues in this pattern of movement until it becomes a flat
disk. Table 2 shows schematic diagrams for the stages of this deformation mode. This mode
is limited to aluminum frusta with large semi-apical angle ¢ =60" and a few of 45° angles. All
polymer frusta crushed in this fascinating mode as well as steel with large semi-apical angles.
Mode II: Partial inward inversion of the upper capped end followed by flattening of the lower
end, and then curling up or upward inversion of the lower end. This mode is similar to the first
mode; except that it starts with partial inward inversion of the upper end, see Table 2. This
mode is observed over a wide range of angles from 55° to 30° for aluminum frusta and 30° for
steel frusta. '

(b)



(c)

(d)

(e)
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Fig. 2. Photograph showing Specimen 60101 after 22 mm of axial crushing (mode III).

Mode III: Full inversion of the upper-capped end until the small end touches the lower plate.
Then the deformation mode changes into flattening of the lower end and then curling up or
upward inversion of the lower end, as shown in Table 2. This mode is identical to Mode
11 except that the inward inversion is complete. This mode is limited to a few cases, mainly
specimens 55101, 60101 and 60151. Fig. 2 shows a photograph of specimen 60101 after a 22 mm
displacement where the upper-capped end is being inverted and it touches the lower plate.
Mode IV: Limited extensible collapse mode followed by flattening of the lower end and then
curling up or upward inversion of the lower end. This mode is again similar to Modes II and III
except that it starts with one or two extensible collapse lobes. This mode is limited to aluminum
frusta with different thicknesses at semi-apical angle 25° and thick frusta with a 30" semi-apical
angle. Schematic drawings for the stages of this mode are shown in Table 2.

Mode V- Full extensible collapse mode. This mode is the only mode investigated in detail in
the open literature, see for example, Refs. [2,7]. This mode dominates the deformation pattern
at small semi-apical angles 20° and 15° and also reported at thin frusta (thickness less than
1 mm) with semi-apical angles 30° (two cases) and 45° (one case).

The FE details of the crushing process can be seen in Fig. 3 that gives the crushing Mode III
of Specimen 60101 in 9 stages. These stages were captured and plotted in Fig. 3 at the following
axial intervals: 2.4, 3.6, 6.3, 20, 22, 24, 26, 28 and 31 mm, respectively. The first stage shows the
initiation of the inward inversion that continues until the inverted end touches the lower plate as
shown in the sixth stage at x=24 mm. Flattening of the lower end is illustrated in the seventh stage,
while outward inversion of the lower end is shown in the eighth stage.

Fig. 4 gives the experimental and the finite element load-displacement curves for Specimen 60101.
The experimental values are plotted in solid line and it starts from the origin, whereas the FE results
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Fig. 3. ABAQUS deformed plots for crushing of aluminum frustum (Specimen 60101, mode III).
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Fig. 4. Experimental and FE load—displacement curves for Specimen 60101.

are plotted in dotted curve and it starts from a non-zero value due to the assumed perfectly plastic
material in the FE model. The assumed yield strength in the FE is 125 MPa. Fair agreement between
the two curves is shown.
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Fig. 5. Load-displacement curve for specimen P60.

Fig. 5 shows the experimental load displacement curve for Specimen P60 with a semi-apical angle
of ¢=60°. The specimen was machined from commercial nylon solid bar with an outer diameter of
80 mm. This specimen, when deformed axially, is an excellent example of the first mode, Mode 1.
The figure contains photographs of the specimen at the following intervals:

(a) At start, at 0 mm.

(b) During flattening of the lower end, at 10 mm.

(¢) During outward inversion of the lower end, at 15 and 20 mm.

(d) When the lower inverted end touches the upper plate, at 25 mm.

(e) During re-inversion of the lower end at the upper plate, at 30 and 35 mm.

(f) When the lowered end touches the lower plate at the end of the second stage of inversion, at
38 mm.

(g) At the end, when the crushing mode changes into the compression of a solid circular disk, at
40 mm.

The first 46 aluminum specimens listed in Table 1 are shown in Fig. 6 before and after testing.
The bottom photo shows the specimens before the test whereas the top one shows the specimens after
the test. The semi-apical angle increases in the photo from left to right, and the thickness increases
as you move down. As mentioned in Table 1, one can see that the number of lobes increases with
the decrease in wall thickness and semi-apical angle of the frusta.

Fig. 7 shows the plot of the specific energy (energy density) in J/g vs. the semi-apical angle
(¢) and wall thickness (7). The figure illustrates the effect of angle and thickness changes on the
absorbed energy. Generally speaking, one can see that as the semi-apical angle decreases the specific
energy increases. The expected value for cylinder (¢ =0°) would represent the upper limit line of
this surface. The change in specific energy vs. thickness change is not uniform and does not seem
to have a general trend. Although not emphasized here, it is plausible that specific energy may also
vary with the overall height of the frustum.
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Fig. 6. Aluminum frusta before and after crushing.

4.1. Effect of angle change

Fig. 8 shows the load—displacement curves for specimens with approximately the same thickness
(=1mm) but with different semi-apical angles ¢ =55, 50°, 45°, and 40° corresponding to Speci-
mens 35101, 40101, 45101 and 50101, respectively. It can be noticed from Table 1 and Fig. 8 that
these specimens deformed in Mode II, however, the length of the partial inversion increases with the
decrease in the semi-apical angle. These curves are similar to each other, except that the length of
the crushmg distance increases with the decrease in ¢. The energy density increases from 3.073 J/g
for ¢ =55 to 8.372J/g for ¢ =40°. In conclusion decreasing the semi-apical angle will result in
better specific energy.

4.2. Effect of thickness change

Load—displacement curves for specimens with different thicknesses () and constant semi-apical
angle (¢ =40°) are plotted in Fig. 9. As expected the crushing force increases with the increase in
wall thickness. However, energy density increases from 8.372 J/g at t=0.9 mm to a maximum value
of 9.882 J/g at t=1.3 mm and then decreases to 8.345 J/g at  =2.7 mm. There is no general trend
in the relation between the thickness and the specific energy. These specimens deformed in Mode
II and have similar stages, however, the increase in the thickness may postpone the next stage as in

-
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Fig. 7. Specific energy as a function of semi-apical angle and wall thickness of aluminum frusta.
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Fig. 9. Effect of thickness change on the crushing force.

the case of the start of outward inversion which starts at 14 mm displacement for ¢ = 0.9 mm, but
at takes place at 17.5 mm displacement for ¢ = 2.7 mm.

4.3. Effect of material type

Load-deformation curves for specimens with approximately the same size and same wall thickness
but different materials are compared together in Fig. 10. The specimens are made of aluminum
(Specimen No. 60251), plastic (Specimen No. P60) and sheet steel and they have the same thickness
(=2 mm) and the same semi-apical angle (¢ = 30°). The aluminum, steel and plastic specimens
deform in Modes IV, II and I with specific energies of 8.997, 12.14 and 23.70 J/g, respectively.
The dependency of the deformation pattern on the material used in the absorber is very clear in this
figure. Also, the high energy density value for nylon frustum is a plus for this material.

4.4. Arrangement effect

Several absorbers with similar dimensions are stacked in series and their deformation curves are
obtained. One, two and three absorbers were tested in series configuration, as seen in Fig. 11 and
presented in Table 1. Stacking 2 absorbers in series resulted in better specific energy (3.003 J/g),
however, stacking three frusta in series gave a lower value for specific energy (1.992 J/g).

9
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5. Conclusion

This paper studied axial crushing of frusta between two parallel plates. ABAQUS FE results were
compared with the experimental results and fair agreement was obtained. The axial collapse modes
were classified into five different modes. These modes are combinations of outward inversion of the
lower end, inward inversion of the upper end and extensible collapse of the upper end. Material type
plays an important role in determining the axial deformation mode followed by semi-apical angle
then wall thickness. The plastic (nylon) frusta exhibited a higher specific energy than aluminum and
steel frusta. It was further found that stacking frusta in series may reduce the absorbed energy per
unit mass.
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